
WEEK 6 SOLUTION

Exercise 1. Let H be a subgroup of (Z/nZ)× and define

S = {p prime in Z : p+ nZ ∈ H}.
Compute the Dirichlet density δ(S) in terms of |H|, and prove your result.

Proof. Let H ⊂ (Z/nZ)× be a subgroup. Each element h ∈ H corresponds to a residue
a (mod n). Then

S =
⋃
a∈H

{p | p ≡ a (mod n)}.

Hence it suffices to compute the density of primes in a given residue class p ≡ a
(mod n).

For a Dirichlet character χ (mod n),

logL(s, χ) =
∑
p

χ(p)

ps
+R(s),

where R(s) converges for Re(s) > 1/2. Thus, as s → 1+,

logL(s, χ) ∼
∑
p

χ(p)

ps
.

Using orthogonality of Dirichlet characters,

1

φ(n)

∑
χ mod n

χ(a)χ(p) =

{
1, p ≡ a (mod n),

0, otherwise.

Applying this to logL(s, χ), we get∑
χ mod n

χ(a) logL(s, χ) ∼
∑

p≡a (mod n)

φ(n)
1

ps
.

For the trivial character χ0,

L(s, χ0) =
∏
p|n

(
1− 1

ps

)
ζ(s) ∼ ζ(s) as s → 1+.

Hence ∑
p≡a (mod n)

1

ps
∼ 1

φ(n)
log ζ(s).

Summing over all residues a ∈ H gives∑
a∈H

∑
p≡a (mod n)

1

ps
∼ |H|

φ(n)
log ζ(s).
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By definition,

δ(S) = lim
s→1+

∑
p∈S p

−s

log 1
s−1

.

Since log ζ(s) ∼ log 1
s−1

as s → 1+, we conclude

δ(S) = |H|
φ(n)

.

□

Exercise 2. Let K/F be a finite Galois extension of number fields and write [K : F ] =
d. Let

SK/F = {p ⊂ OF : p prime and p splits completely in K/F}.
Then the Dirichlet density of SK/F (relative to F ) exists and

δF (SK/F ) =
1

[K : F ]
=

1

d
.

Proof. Let ζK(s) =
∏

P⊂OK
(1 − NP−s)−1 be the Dedekind zeta function of K, which

converges for ℜ(s) > 1. For s > 1 real we have

log ζK(s) = −
∑
P

log
(
1−NP−s

)
=

∑
P

∑
n⩾1

1

n
NP−ns.

Group the sum over prime ideals P of OK by the prime ideals p of OF below them.
For each prime p ⊂ OF write g(p) for the number of primes of OK lying above p (so
1 ⩽ g(p) ⩽ d), and write Np for the absolute norm from F to Q. Then

Split the inner n–sum into the n = 1 term and the tail n ⩾ 2:

log ζK(s) =
∑

P,f(P/p)=1=e(P/p)

(Np)−s+
∑
P,n>1

(NP)−ns+
∑

P,f(P/p)>1

(Np)−f(P/p)s+
∑

P,f(P/p)=1,e(P/p)>1

(Np)−s

The second term converge when s → 1+, the forth term is finite as only finite primes
ramified, and the third term converges because f(P/p) > 1.

Hence as s → 1+ the main growth of log ζK(s) comes from the first term∑
p

g(p) (Np)−s.

Now separate the contribution from primes that split completely and the rest. There-
fore

log ζK(s) ∼
∑

p∈SK/F

d (Np)−s as s → 1+,

where “∼” means the difference is bounded as s → 1+.
On the other hand ζK(s) and ζF (s) both have a simple pole at s = 1, hence

log ζK(s) ∼ log ζF (s) ∼ log
1

s− 1
(s → 1+).
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Combining the two asymptotics yields

log
1

s− 1
∼ d

∑
p∈SK/F

(Np)−s (s → 1+).

Rearranging and using the definition of Dirichlet density relative to F ,

δF (SK/F ) = lim
s→1+

∑
p∈SK/F

(Np)−s

log 1
s−1

=
1

d
,

as desired. □

Exercise 3. Let E and K be number fields, each of which is Galois over Q. Show that
for any prime p ∈ Z, p splits completely in both E/Q and K/Q if and only if p splits
completely in their compositum extension L = EK over Q.

Proof. Let L = EK. Since both E/Q and K/Q are Galois, so is L/Q.
We first recall a simple fact: if σ ∈ Gal(L/Q) restricts to the identity on both E and

K, then σ = idL. Indeed, since L is generated by E and K, for any x =
∑

i eiki with
ei ∈ E, ki ∈ K, we have

σ(x) =
∑
i

σ(ei)σ(ki) =
∑
i

eiki = x.

(⇒) Suppose p splits completely in L/Q. Let P be a prime of OL lying above p.
Then the residue degree and ramification index ofP over p are both 1. Let pE = P∩OE

and pK = P∩OK . Then f(pE|p) and f(pK |p) must divide f(P|p) = 1, so they are also
1, and the same holds for ramification indices. Thus p splits completely in both E and
K.

Equivalently, if the Frobenius element FrobP in Gal(L/Q) is the identity, its images
in Gal(E/Q) and Gal(K/Q) are also identities, so p splits completely in E and K.

(⇐) Conversely, suppose p splits completely in both E/Q and K/Q. Then p is
unramified in both fields, hence also unramified in L. Let P be a prime of L above p,
and let FrobP ∈ Gal(L/Q) denote its Frobenius element.

Since p splits completely in E and K, the Frobenius elements in Gal(E/Q) and
Gal(K/Q) are both trivial. Thus the restrictions of FrobP to E and K are both the
identity. By the fact noted above, this implies FrobP = idL. Hence p splits completely
in L.

□

Exercise 4. Let F be a number field and let m ⊂ OF be a non-zero ideal. Let P+
F,m be

the subgroup of PF generated by{
⟨α⟩ : α ∈ OF , α ≡ 1 (mod m), α ≫ 0

}
.

Show the two equalities:

P+
F,m =

{
⟨α⟩ : α ∈ F×, α ≫ 0, α

×≡ 1 (mod m)
}

=
{
⟨α
β
⟩ : α, β ∈ OF prime to m, α ≡ β (mod m), α

β
≫ 0

}
.
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Proof. We first prove the second equality.

P+
F,m = ⟨ ⟨α⟩ : α ∈ OF , α ≡ 1 (mod m), α ≫ 0 ⟩

=
{〈∏

i

αδi
i

〉 ∣∣∣ αi ∈ OF , αi ≡ 1 (mod m), αi ≫ 0, δi = ±1
}

⊂
{〈∏

δi>0 αi∏
δj<0 αj

〉 ∣∣∣ αi, αj ∈ OF , αi, αj ≡ 1 (mod m),

∏
δi>0 αi∏
δj<0 αj

≫ 0
}

⊂
{
⟨α
β
⟩ : α, β ∈ OF prime to m, α ≡ β (mod m), α

β
≫ 0

}
.

To prove the reverse inclusion, take ⟨α
β
⟩ with α, β ∈ OF prime to m and α ≡ β

(mod m). Then (α) + m = OF , so we can find γ ∈ OF such that αγ ≡ 1 (mod m).
Hence ⟨α

β
⟩ = ⟨αγ⟩⟨βγ⟩−1 = ⟨(αγ)2⟩⟨(βγ)(αγ)⟩−1, and both (αγ)2 and (βγ)(αγ) satisfy

the defining conditions ((αγ)2 ≡ 1 (mod m) and (αγ)2 ≫ 0), so the reverse inclusion
holds. Thus the second equality is proved.

Now we prove the first equality. One direction is trivial:{
⟨α
β
⟩ : α, β ∈ OF prime to m, α ≡ β (mod m), α

β
≫ 0

}
⊂ {⟨α⟩ : α ∈ F×, α ≫ 0, α

×≡ 1 (mod m)}.

Conversely, let α ∈ F× with α ≫ 0 and α
×≡ 1 (mod m). Write α = β/γ with

β, γ ∈ OF . Let

β =
∏
p|m

pep
∏
q∤m

qeq , γ =
∏
p|m

pfp
∏
q∤m

qfq .

Since α
×≡ 1 (mod m), we have ep = fp for all p | m. Choose an element ω satisfying{

vp(ω) = −fp, for all p | m,

vq(ω) > 0, for all q ∤ m.

Then both βω and γω are in OF , prime to m, and βω ≡ γω (mod m). Hence

⟨α⟩ = ⟨β
γ
⟩ = ⟨βω

γω
⟩,

so the reverse inclusion holds. This completes the proof. □


